We study the properties of a Bose-Einstein condensate (BEC)-impurity mixture at finite temperature employing the variational principle of Balian-Vénéroni (BV). The method leads to a set of coupled nonlinear equations of motion for the condensate and its normal and anomalous fluctuations on one hand, and for impurity on the other. Analytic solutions of these equations are derived in the framework of the Thomas-Fermi (TF) approximation in the static case. Effects of the impurity on the chemical potentials, radii and breathing modes of both condensate and anomalous density have been discussd. The properties of self-trapping of impurities in BEC have been investigated in 3D regime.
I. INTRODUCTION
In the past decade, BEC-impurity mixtures have been the subject of intense experimental [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and theoretical [11] [12] [13] [14] [15] [16] [17] [18] [19] studies. Most of these studies ignored completely the behavior of BEC-impurity systems at finite temepratures. The effects of the temperature are so important, in particular on the fluctuations, the expansion of the condensate, and on the thermodynamics of the system. Certainly, the dynamics of the BEC-impurity at nonzero temperature is a challenging problem as for example the Bogoliubov approximation becomes invalid, at least at large times, and large thermal phase fluctuations have to be taken into account even at low temperatures where density fluctuations are small. It is therefore instructive to derive a self consisent approach describing the static and the dynamic behavior of BEC-impurity at finite temperature especially that all experiments actually take place at nonzero temperatures.
Our approach based on the BV variational principle [22] [23] [24] [25] [26] [29] [30] [31] . Not only this method retains the essential features of the physics behind the approximations used in the litterture, but the formalism generates a consistent dynamics for the condensate and its fluctuations by choosing a certain class of trial spaces. The time-dependent BV variational principle requires first the choice of a trial density operator. In our case, we will consider a Gaussian time-dependent density operator. This ansatz, which belongs to the class of the generalized coherent states, allows us to perform the calculations since there exists Wicks theorem, while retaining some fundamental aspects such as the pairing between atoms. Our variational theory is based on the minimization of an action in addition to a Gaussian variational ansatz. The action to minimize involves two types of variational objects : one related to the observables of interest and the other that is akin to a density matrix (see below). This leads to a set of coupled time-dependent mean-field equations for the condensate, the noncondensate, the anomalous average and the impurity. We call this approach time-dependent Hartree-Fock-Bogoliubov (TDHFB).
Indeed, the BV variational principle has several applications in different area of physics. First, it has been applied to various quantum problems including heavy ion reactions [22] [23] [24] [25] [26] , quantum fields out of equilibrium [27] attempts to go beyond the Gaussian approximation for fermion systems [28] . Furthermore, the BV variational principle has been used to provide the best approximation to the generating functional for two and multi-time correlation functions of a set of bosonic and fermionic observables [29] [30] [31] [32] [33] . Recently, it was used to derive a set of equations governing the dynamics of trapped Bose gases [34] [35] [36] [37] . Moreover, the BV variational principle is used at the mean-field level to determine the particle number fluctuation in fragments of many-body systems of fermions [38] .
The rest of the paper is organized as follows: In Sec. II, we present the BV variational principle which we use to derive the approximate evolution equations. We introduce variational objects akin to a density operator and to an observable, we identify also the trial subspaces which we will consider throughout this work. In Sec. III, the TDHFB equations are applied to a trapped BEC-impurity system to derive a coupled dynamics of the condensate and its fluctuations and equation of motion for the impurity. We then restrict ourselves to solve these equations in the static 3D case using the TF approximation. Moreover, we derive formula for the chemical potential of the condensate and the anomalous density in the presence of an arbitrary impurity. Sec. IV devoted to discuss the hydrodynamic approximation and conservation laws. In Sec. V, we derive an equation of motion for the self-trapping impurity. Such an equation allows us to study the breathing modes, the damping, the solitons and soliton-molecules in self-localizing impurity. Our conclusions are presented in Sec. VI.
II. BALIAN-VÉNÉRONI VARIATIONAL PRINCIPLE AND TDHFB EQUATIONS
The BV variational principle [29, 30] is based on the Liouville equation. It addresses the following question: Given the state of system described by the density operator D 0 , at an initial time t 0 what will be the expectation value of an observable A at a final time t f ? The answer can be stated as follows: take two variational spaces, one for observables denotes A and one for the density operator denotes D, the optimal value of T r(AD) t f is given by the stationary value of action-like functional [29, 30, 34] 
with the two mixed boundary conditions:D(t i ) = D 0 and A(t f ) = A. The symbol T r stands for a trace taken over a complete basis of the Fock space, and H is the Hamiltonian of the system assumed time independent. The variation of I in (1) provides evolution equations for the operators D and A, which are in general coupled. This forbids the interpretation of the solution D(t) as a density operator; this is not very strange since the variational principle aims at giving a number: an approximate value of T r(AD) t f . However, in order to have a better understanding of all these quantities, we shall choose the variational space for A to be linear in its parameters, thus the evolution of D will decouple, and we can interpret D(t) as an approximate solution for the exact density operator but only suited for predictions of expectation values of observables belong to the variaional space of A. In almost all physical cases, D is parameterized nonlinearly, thus the evolution of A(t) is still dependent on D and can explain, among other things, the energy conservation. In order to get a closed system of differential equations, the trial spaces must have the same dimensionality. The question whether these spaces are relevant or not depends on the aspects of dynamics we want to preserve and on the tractability of the corresponding evolution equations. When the allowed variation δA(t) and δD(t) are unrestricted, the stationary conditions of the BV functional (1) lead to the exact Liouville-von Neumann equation forA(t) and the (backward) Heisenberg equation for D(t). Let us first introduce the trial class of operators which we shall use throughout this work for A(t) and D(t). To this end, we define the 2n-component operator α
where ψ and ψ + denote boson field creation and annihilation operators in a given single-particle space of dimension n. The commutation relations can be expressed in the compact form (i,
where τ ij = σ 2 is (2n × 2n) second Pauli matrix. With this notation, our trial class for the operator D(t), the exponentials of the linear plus quadratic forms in α, can be written in the factorized form [29, 30, 34 ]
with ν is a c-number, λ is a 2n -component vector and S is a (2n × 2n) symplectic matrix (τ S is symmetric). The tilde symbol denotes vector or matrix transposition. For any operator O, let us denote the average value O = Tr(OD)/Z and the shifted operatorŌ = O − O . Then, D is completely specified by the knowledge of the partition function Z(t) = Tr D(t), the vector α and contraction matrix ρ (which we shall also call the single-particle density matrix) defined as
For our purpose, the parameterization of the operator D by Z, α and ρ is more convenient than that by ν, λ and S. In particular, we will see that the evolution equation for the former variables take a simple form. With the same notation, we take as our variational choice [29, 30, 34] for the operator A a linear plus quadratic form in the operator α:
To which we shall loosely refer as a single-particle operator. With the choices (4) and (6), it is possible to write explicitly the functional (1) in terms of the variational parameters Z, α , ρ, ν, λ and S. Therefore, we find
with L = λ − S α . The equation of motion for Z, α and ρ are now obtained by writing the stationary of the BV functional (7) with respect to ν, λ and S. These equations take the simple form
and
In these equations, E = H is the mean field energy and the dots denote the time derivative d/dt. We see from equation (8) that the partition function Z is a constant of motion. One of the most noticeable properties is that the evolution of ρ preserves the trace of any function of the single particle matrix. A related property is the equation
where C known as the Heisenberg invariant. This implies, in particular, the conservation of the von Neumann entropy S = Tr D ln D and the fact that an initially pure state, satisfying ρ(ρ + 1) = 0, remains pure during the evolution. The two last equations (9) and (10) entail that the energy E is conserved when the Hamiltonian H does not depend explicitly on time. Within the BV formalism, this conservation law has a special status in the sense that it does not result from general properties of the variational spaces. We may notice at this point that the above equations constitute a closed system and does not require any further ingredients. The truncation of the full hierarchy is no longer brutally performed but rather obtained by softly restricting the full Hilbert space to the single particle one. Other properties of the TDHFB equations is that they admit a Lie-Poisson structure [39, 40] , and at the zero temperature limit, can be cast in an Hamiltonian form.
Among the advantages of the TDHFB equations is that they should in principle yield the general time, space, and temperature dependence of the various densities. Furthermore, they satisfy the energy and number conserving laws. In addition, the most important feature of the TDHFB equations is that they are valid for any Hamiltonian H and for any density matrix operator. Interestingly, our TDHFB equations can be extended to provide self-consistent equations of motion for the triplet correlation function by using the post-Gaussian ansatz.
III. APPLICATION TO BEC-IMPURITY SYSTEM
We consider a single impurity of mass m I in external trap V I (r), and identical bosons of mass m B , trapped by an external potential V B (r). The impurity-bosons interaction and bosons-bosons interactions have been approximated by the contact potentials g B δ(r − r ′ ) and g I δ(r − r ′ ) respectively. The many body Hamiltonian for combined system which describes bosons, impurity and impurity-bosons gas coupling is given bŷ
whereψ B (r) andψ I (r) are the boson and impurity field operators. The total energy E = E B + E I + E IB = H can be easily computed yielding:
where the non-condensed densityñ and the anomalous densitym are identified respectively with ψ + Bψ B , ψ BψB andñ I = ψ + Iψ I is the impuriy fluctuation. Expressions (13) , (14) and (15) for the energy allows us to write down Eqs.(4) and (6) more explicitly. They indeed read
where n = n B +ñ is the total density. Interestingly, we observe from the fourth equation in the set (16) that the fluctuation of the impurity is constant. The anomalous density which describes correlations between pairs does not exist in impurity system whereas exists only in pure BEC. A useful relation between the normal and anomalous densities can be given via Eq.(11)
Notice that for a thermal distribution, C k = coth 2 (ε k /T ) with ε k is the excitation energy of either BEC or impurity. At zero temperature C = 1. The expression of C allows us to calculate in a very useful way the dissipated heat for d-dimensional Bose gas as
. Indeed, the dissipated heat or the superfluid fraction are defined through the dispersion of the total momentum operator of the whole system. This definition is valid for an arbitrary system, including nonequilibrium one. In an equilibrium system, the average total momentum is zero. Hence, the corresponding heat becomes just the average total kinetic energy per particle.
As known, the anomalous density is a divergent quantity in any geometry. One of the most efficient tools to circumvent this divergence is the renormalization of the coupling constant. Following the method of Burnett et al [41] , we get from the first equation of (16)
This is similar to the so-called G2 approximation [41] based on the T -matrix calculation, which is gapless mean-field theory taking into account effects of the background gas on colliding atoms. At very low temperature and for dilute gas,m/Φ 2 B << 1. Therefore, the new coupling constant U reduces immediately to g B . Then by introducing U (r) in (16) , and using the fact that at very low temperature 2ñ + 1 = 2m, we get
where β = U/g B , G = β/4(β − 1) and γ = g IB /g B . Note that if β = 1 i.e.m/Φ B = 0 and γ = 0, the first equation of (19) reduces to the well-known HFB-Popov equation which is of course safe from all ultraviolet and infrared divergences and thus provides a gapless spectrum.
For pure BEC (γ = 0), the original numerical implementation of the set (16) [36] successfully addressed the issue of condensate and thermal cloud formation at finite temeprature. The TDHFB equations have been also used to study the properties of the so called anomalous density in three-dimentional homogeneous and trapped Bose gas [37] . Results of this analysis present an overall good agreement with recent experiments and theoretical works. Using the density-phase fluctuation, these calculations were subsequently generalized to two dimentional Bose gas [42] where the effects of the anomalous correlation function on the equation of state and the thermodynamics of the system have been investigate at both zero and finite temperature. Our predictions show good agreement with those handled via an appropriate Monte Carlo simulation and other analytical calculations. Furthermore, this theory yields remarkable agreement with various experiments, e.g. hydrodynamic collective modes and vortex nucleation at finite temperatures [43] .
Let us now turn to discuss the relationship between our TDHFB equations (19) and the HFB-de Gennes equations. In fact, we may easily show that upon linearizing the first equation in (19) around a static solution, we obtain using the RPA method
k are the quasi-particle amplitudes and ε k is the Bogoluibov spectrum. The set (20) constitutes the HFB-BdG equations of BEC-impurity mixture at finite temperature. Importantly we remark that these HFB-BdG equations are just the random phase approximation to the first equation of (19) , which means that our formalism is more general than the standard HFB theory.
IV. HYDRODYNAMIC APPRAOCH AND CONSERVATION LAWS
Solving the TDHFB equations (19) is not always the most adequate way to study the properties of BECs. When it comes to the low-lying excitations, for example, it is often useful to switch to an equivalent treatment which is provided by the hydrodynamic equations. The hydrodynamic equations, can be derived by reformulating the set (19) by factorizing the condensate wave function and the anomalous density according to the Madelung transformation:
where S and θ are phases of the order parameter and the anomalous density, respectively. They are real quantities, related to the superfluid and thermal velocities, respectively, by v B =h/m B ∇S and vm =h/m B ∇θ. By substituting expressions (21) in Eqs. (19) and separating real and imaginary parts, one gets the following set of hydrodynamic equations:
∂ m(r, t) ∂t
Equations (22) and (23) are nothing else than equations of continuity expressing the conservation of mass, and Euler-like equations read
where ∆ √ n B / √ n B and ∆ √m / √m are, respectively, quantum and anomalous pressures. In a nonstationary situation, it is then considered small oscillations (low density) for the condensed and anomalous densities around their static solutions in the form
where δΦ B /Φ B ≪ 1 and δm/m ≪ 1. Shifting the phases by −µ B t/h and −µmt/h, we then linearize Eqs. (24) and (25) with respect to δΦ B , δm, ∇S and ∇θ, around the stationary solution. The zero-order terms give two expressions for the chemical potential:
where µ B is the chemical potential of the condensate and µm is the chemical potential associated with the anomalous density. Strictly speaking µm is also associated with the thermal cloud density sinceñ andm are related to each other by Eq. (17) . Clearly µ B = µm at all ranges of temperature except near the transition where n B =m = 0 andñ = n. Additionally, in the grand canonical ensemble the Hamiltonian may be written asK =Ĥ − µN . If in the experiment only the total number of particles N = N B +Ñ or the total density n can be fixed, then the total chemical potential of the system can be given as
where N B /N andÑ /N are, respectively, the condensed and the thermal fractions. It should be noted that this equation arises naturally from our formalism without any subsidiary assumptions. Moreover, Eq. (29) very nicely guarantees the conservation of the total number of particles and highly coincides with the theory of Ref [44] for pure BEC system. We now analyze N I impurity system immersed in a 3D BEC trapped in an external potential (V B (r) = m B ω 2 B r 2 /2). For g B > 0 and for large number of particles. It is reasonable in this situation to neglect kinetic pressures associated with both condensate and anomalous presures. Therefore, Eqs (27) and (28) take the follwong algebric form
The density profiles (30) and (31) have the form of an inverted parabola. Also we remark that for β = 1, the anomalous density vanishes. Then, using normalization conditions drn(r) = N , drΦ B (r) = N B , drΦ I (r) = N I and drm(r) = Nm, Eqs. (30) and (31) provide useful formulas for the radius of the condensate and the anomalous density (i.e. the thermal cloud), respectively, as
where
is the standard TF radius at zero temperature. At the classical turning point, µ = V B (R). Then, using results of Eqs. (32) and (33), one finds the following expressions for the chemical potential of the condensate and the anomalous density
where µ
T F = (hω B /2)(15N a B /a 0 ) 2/5 is the standard Thomas-Fermi (TF) chemical potential at zero temperature with a B is the s-wave scattering length and a 0 = h/m B ω B is the oscillator length. These equations clearly show that the chemical potential of the condensate increases with N I /N at any range of temperature which means that the impurity strongly enhances µ B . Furthermore, the effects of the impurity persists also on µm and on radii R B and Rm.
Another important feature of the above generalized hydrodynamic equations, is that they lead us to study in a straightforward manner the breathing oscillation of a BEC at nonzero temperatures. Inserting Eqs. (27) , (28) into (24) and (25) and taking the time derivative of the resulting equations, one finds
Equations (36) and (37) describe the collective modes of both condensate and anomalous density for Bose gas in an arbitrary potential and in the presence of an impurity. For γ = 0 and at very low temperature where n B /m ≪ 0, Eq.(36) well recovers the famous Stringari's equation [45] . Whereas Eq.(37) has no analogue in the literature. The calculation of the collective modes in a trapped case is not trivial at nonzero temperature due to the fast extent of the cloud and the spatial variation of the coherence length. One way to do this is to use the TF approximation which leads to explore the breathing modes of the condensate and the anomalous density with impurity when both quantum and anomalous pressures are neglected from the equations of motion.
V. EQUATION OF MOTION FOR SELF-TRAPPING IMPURITY
In order to study the properties of self-trapping problem of weakly impurity-BEC interactions, we combine Eqs. (30) and the second equation of (16), one finds
Equation (38) is nothing else than the nonlinear Schrödinger equation (NLSE) which describes the dynamic and the static properties of impurity in BEC. Eq. (38) can be used at low temperature to explore the macroscopic behavior of the system, characterized by variations of Φ I over distances larger than the mean distance between atoms. We consider impurity in a harmonic trap with frequency ω I . We then rewrite Eq. (38) in dimensionless form in a quasi-1D Bose gas. Using the following dimensionless parameters: z = x/l 0 with l 0 = h/m I ω I is the oscillator length, τ = tω I and Φ I = Φ I l 1/2 0 , Eq. (38) turns to be given
where ̺ = 1 − λαΩ 2 with Ω = ω B /ω I ,ν I = ν I /hω I and ϑ = λg IB /hω I . Remarkably, for ϑ > 0 the impurity wave packet has attractive interaction between atoms, so that the system supports automatically bright solitons . Therefore, in the static homogeneous case i.e. (̺=0), Eq.(39) admits the exact solution Φ I = 1/ √ 2Λsech(z/Λ), with Λ = 2/ϑ is the extended localization length. The energy of the bright soliton is E bs = −ϑ 2 /24. Furthermore, since Eq.(39) is note integrable, it can be solved using a variational ansatz or numerical simulation to show the formation and the existence of soliton-molecules in impurity-BEC mixture. What is important also is that Eq.(39) can be used to study in very simpler way breathing oscillations of the impurity after a sudden decrease in trapping frequency at finite temeprature.
VI. CONCLUSION
In this paper we have derived from the time-dependent variational principle of BV a set of coupled equations for BEC-impurity mixture. These equations govern in a self-consistent way the dynamics of the condensate, the thermal cloud, the anomalous average and the impurity at finite temperature. Using the TF approximation we have obtained quite useful expressions for the chemical potentials and radii of the condensate and the anomalous density in the presence of the impurity in 3D model. In the framework of the hydrodynamic approximation, the TDHFB equations can be used to investigate the expansion and the breathing mode of the condensate and the anomalous density in the presence of an impurity. The effect of this latter is clrearly visible on the condensed and the anomalous densities and therefore on chemical potentials. Our formalism permits us also to derive a time-dependent nonlinear equation describing static and dynamics properties of self trapping impurity. Even for positive coupling constant, this equation shows that wave pakets of the impurity has attractive interaction between atoms which leads to a collapsing impurity on one hand. On the other hand, this equation shows that the self-trapping impuirty behaves like bright solitons in 1D geomerty. Soliton molecules can also exist in such a system.
